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ABSTRACT 
This note contains a dimension formula for an orbital subspace in a symmetry 
class of tensors corresponding to an irreducible character h of a subgroup G of S,. An 
algorithm for choosing a basis is also described. 
Let V be an n-dimensional unitary space with an orthonormal basis 
E={e, ,..., e,}. Let rrn,” be the set of all functions from { 1,. . . ,m} into 
{I,..., n}. For (YEI’~,~, let e~@=~~(r)@... @‘eat,,,,, so that E@‘={e,@(cuE 
r,,,} is an orthonormal basis of @3 V, the mth tensor power of V. 
Let G be a subgroup of S,, the mth symmetric group, and let X: G-C 
be an irreducible character of G. For u E G, let 
P(o)EL( fib, &v) 
be the unitary operator whose action on decomposable tensors is given by 
The transformation 
T(G,h)= s z A(o) 
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is a Hermitian idempotent whose image, denoted by V,(G), is the symmetry 
class of tensors corresponding to G and X. The notation e,*, or 
e,(l)** * * *ea(mp denotes the image of e: under T( G, h). 
For (YEI,, and u E G, (YU will denote the element in I,,, defined by 
aa(i)=a(o(i)), i=l,...,m. 
We define an equivalence relation in I’,,, via 
cx E ,6 (mod G ) iff there exists u E G with LYU = p, 
Let A be the system of distinct representatives for this equivalence relation 
formed by taking the element in each equivalence class which is first in 
lexicographic order. Let 3 = {(Y E AI e,* ZO}. For (Y E I’,_, let G, = {(I E G 1 au 
= a}, the stabilizer subgroup of a in G. Notice that if (YU= fi, then 
u-‘G,u= G,. 
For LY E A, the invariant subspace (e,*,l u E G ) of T (G,_a) is referred to as 
the orbital subspace corresponding to a. For a fixed or E A, we may assume 
that {(Y~u~uEG}={(Y~,(Y~,..., (Y,}, where the oi’s are arranged in increasing 
lexicographic order. We will also assume that (Y~ = olri, i = 2,. . . , r, for some 
ri E G. It is also well known that r = [G : G, 1. With this in mind it is clear that 
the orbital subspace corresponding to or is just (e,*l, . . . , ez). Let sal be the 
dimension of this subspace. 
It is known that 
V,(G)= x ‘(e,*,leEG>, 
CCEA 
this notation denoting an orthogonal direct sum. R. Freese [l] has de- 
termined the dimensions of these orbital subspaces using the Frobenius 
reciprocity relations for characters. The methods in this note yield Freese’s 
result (Theorem 1) by a somewhat simpler method, and exhibit an algorithm 
for extracting a basis of (ez,, . . . , e:), summarized in Theorem 2. 
Notice that <ez, . . . , e,“) is an invariant subspace of T( 6, A) whose image 
is (e,:,..., e:). Define the r-square matrix C to be the matrix representation 
of the restriction of T (G, h) to (cay,. . . , e,“) with respect to the orthonormal 
basis {ez,...,e,“}. 
LEMMA 1. The matrix C= [(e;, e:)] is Hermitian and iokmpotent. 
Proof. The symmetry operator T (G, A) is a Hermitian idempotent trans- 
formation, and hence the restriction of T (G, h) to any invariant subspace is 
also. n 
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LEMMA 2. For each i, i = 1,. . . , r, 
(eG,e,)= F 2 h(a). 
I3 E ci- k,,?, 
Proof We compute that 
(e~,e~)=(T(G,h)e~,e~) 
= g O~GX(a)P(a)e~,e~ 
( 
df%(Y 
= IGJ c w(e&-~~e:T‘) 
UEG 
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THEOREM 1. The dimension of the orbital subspace corresponding to a1 
is given by 
S a*=q$ 2 A(a). 
a1 GE%, 
Proof. Clearly, 
S a, = rank( C) 
= trace( C ) 
286 ROBERT GRONE 
It is worth remarking that s,~ is the number of times the principal 
character occurs in the restriction of A to G,,. 
The matrix C can be used to extract a basis for the orbital subspace from 
the spanning set { ez,, . . . ,e:}. For i = 0, 1,. . . ,T, let pi be the rank of the 
leading principal i-square submatrix of C, denoted by Ci. Note that O= pa< 
pr=l<p,<... ~~~=~~,,andobservethatfori=l,...,r, 
pi = dim( ez,, . . . , e:>, 
for pi = rank Ci, and Ci is the Gram matrix for the vectors e,*l, . . . , e,*. We may 
conclude: 
THEOREM 2. The set {e~jpj>pi_l} is a basis of (e,:,...,ez). 
Since the entries of C depend only on G,, and A, the sequences indicated 
in Theorem 2 are independent of the choice of a particular orthonormal basis 
(e r,...,e,} of V. 
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